AP PhYSiCS - Projectile Motion

A projectile is any object that falls through the air. These objects are accelerated downward by the
force of gravity. They are also affected by their passage through the air, to varying degrees. We
will ignore the effects of air resistance, however, which can be safely done if the object is dense and
the distance that it falls is not too great.

theoretical path
""""""""" . _ignoring air resistance

Actual and theoretical path of projectile

Projectiles always follow a curved path called a trajectory (this trajectory is a segment of a
parabola, a fact discovered by Galileo). Sometimes the trajectory is called a ballistic path. Such
motion is three dimensional, but we will, for simplicity's sake, deal only with motion in two
dimensions — up/ down, and sideways.

The key to efficiently deal with projectile motion is to simply break the velocity down into its
horizontal and vertical components.

Vectors that are perpendicular to each other act independently. This is so important that I will
rewrite it in large friendly letters to drive home its importance:

Vectors that are perpendicular to each other act independently.
This means that the horizontal and vertical components of a velocity vector don't affect each other.
The up and down motion has nothing to do with the sideways motion and the sideways motion has

no effect on the up and down motion.

This is like a really important KEY CONCEPT !

Assumptions:

We are required to make a couple of assumptions here:
1. g has magnitude of 9.80 m/s* and is always downward.
2. Effect of air resistance can be ignored.
3. Rotation of earth can be ignored.

4. Motion (the horizontal velocity component) in the horizontal direction is constant.
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The velocity of a projectile has two components, v, and v,

Vy

v, =Vvsin 0 vy =Vvcos 0

>

VX
Note that we have already mastered the task of calculating these pesky components.
Projectile motion problems are quite simple — they require no really difficult mathematics nor do
they really tax your brain. With stated, none-the-less, for some reason, students often struggle with
them. Since you will not have a whole lot of time (we do got to move fast in the old AP world),

you must take the time to master them.

Important concepts are:
horizontal velocity component is always constant

There 1s no acceleration in the horizontal direction.

constant horizontal velocity

vertical velocity increases with time M
y

Recall the demonstration of the two ball thing. The drawing above is a graphic depiction of the
thing. The ball on the left simply falls — it has no horizontal motion. The other ball is launched
with a horizontal velocity of v,. This horizontal velocity does not change and the ball moves
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sideways at a constant rate. They both fall downwards at exactly the same accelerating rate. They

hit the ground at the same time. Do you see why this is so?

A projectile launched upwards at some angle would have a parabolic path that looks like the

drawing below. Drawn on the projectile is its velocity vector and the x and y velocity components.

As long as the projectile is in the air, it will do two things:
It will move horizontally at a constant speed.
It will accelerate downwards at a constant rate of g.

The way you solve these problems is to break it into two problems, a constant motion horizontal
motion problem and a vertical constant acceleration problem.

The best way to see how to do this is to jump in and solve some problems.

e A flagpole ornament falls off the top of a 25.0 m flagpole. How long would it take to hit the
ground?

We assume that the ornament has no horizontal velocity. It falls straight down. We know how to

do this problem.
1 2 2
y=—gt2 t2=—y so that = =24
2 g g
Plug in the given values: [ = = 2.26s
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e A stone is thrown horizontally from the top of a cliff that is 44.0 m high. It has a horizontal
velocity of 15.0 m/s. We want to find how long it takes the stone to fall to the deck and how far
it will travel from the base of the cliff.

This is like the flagpole problem, except that the stone has an initial horizontal velocity. But we
know that the time it takes to hit the ground is the same as if it were falling straight down. (This
is the key concept!!!). So finding the time is exactly like the previous problem. Once we’ve
found the time, we can then find how far it travels horizontally.

Now that we know how long it takes to fall, we can figure out the horizontal distance it travels
before it hits the ground. It has a constant horizontal speed, and can travel sideways at this speed as
long as it is in the air falling, so to find x we use its average velocity and the time:

vxzf x=vt =15.0%(2.86\&) - [ 429m

e A B-17 (a World War II era multiengine bomber) is flying at 375 km/h. The bombs it drops
travel a horizontal distance of 5 250 m. What was the altitude of the plane at the time they had
the old "bombs away"?

We have to find the time for the bomb to travel a horizontal distance of 5 250 m:

First we convert the bomber’s speed to meters per second:

375 k‘nq[lOOOmj[ Lk ] = 10422
R\ Thw 3600 s S

Then we can find the time it takes the bomb to travel a horizontal distance of 5 250 m.

; =X 5250w —— | = 5045

x 104.2 i
s

Now we can find the vertical distance (altitude):

1 » 1 m 2
=—aqt” =—9.80—|(504 = 12400 m
¥ 2[ ij( s
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Upwardly Moving Projectiles:
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Projectile falls below straight line path

Another demonstrations is the hunter and the monkey demo. This is the one where the monkey is
hanging from a tree in the jungle and the hunter wants to shoot it. Except that the monkey can
instantly detect a gun shot and will let go of the branch and fall straight down. So where, was the
main idea, should the hunter aim? Below the monkey, at the monkey, above the monkey?

Well we saw that the hunter should aim straight at the monkey. This is because the bullet will fall

Monkey and the Hunter

the same distance as the monkey, so when you aim at the monkey and fire the round, the monkey
and the bullet will fall together and you will end up drilling the poor innocent little critter.

Physics can really be cruel, can’t it?
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Here is the path of a projectile that is launched at some angle to the horizon. It has a horizontal
velocity component and a vertical velocity component. For as long as it is in the air, it will be
moving horizontally at v,. It will move upward because of its initial vertical velocity, v,. Gravity
will act on it however, slowing it down. Eventually, at the top of the path, its vertical velocity will

v, =10

y

Vy

| < >
X

be zero. It will still have its horizontal velocity component, however. Then it will begin to fall
downwards. When it finally reaches the same height it began with, its vertical speed will be the
same as what it began with, but the direction of its velocity will be downwards instead of upwards
(as it was at the beginning).

- vy

The projectile will travel a horizontal distance of x (this is often called the range). It will travel
upwards a vertical distance of y. In half the total time of flight it will reach y and its vertical
velocity will be zero.

There’s a lot of symmetry going on here.

We also assume that the projectile begins and ends at the same height. If this is not true, it will be
spelled out in the problem.

e A ball is given an initial velocity of 22. 7 m/s at an angle of 66.0° to the horizontal. Find how
high the ball will go.

To solve this problem, we have to find the vertical velocity of the ball. Once we know it, we can
find how high it goes.

vo=vsing =227"sin66.0° = 2072
Y S )

The ball starts out with v, and rises till its vertical velocity is zero. We can use these as the initial
and final velocity of the ball.

2
vy2:v§+2ay O:v§+2ay —v(%:Zay yz—;)—‘;
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Note that we have to pay attention here to the sign of the motion. We have both down and up
motion and have to be clear about which direction is possible. Of course if the motion is in only
one direction, we don’t have to worry about it.

e A naval gun fires a projectile. The gun’s muzzle velocity (so speed of the bullet) is 345 m/s at
an elevation of 32.0 °. What is the range of the shot?

First find the vertical velocity:

v =vsing =345"5in32.0° = 182.8"%

Yy
S S
Now we can find the time: vy, =V, + at We know that Vo =7V,
Vv, —V
at = vy =V t=—22
g
_182.8 ™ _1g28 ™
t= AN S 3731
—9.80-™
¢

Now we can find the range since we know the time. First we find the horizontal velocity:

v, =vcosf, :(345ﬁjcos32.o° = 29262
AN S
vxzf x=vt :292.6%(37.31@ = [ 10900m

e A punter has a hang time of 4.5 s. If the ball travels down the field 48 m, what was the kick
angle?

To find the angle of the kick, we need to use some trig. Probably the easiest thing to do would be
to find the horizontal and vertical component of the velocity and use the tangent function to find
the angle.

The horizontal speed is easy to find - we know the time and we know the range.
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We can find the vertical velocity because we know the time that the ball is in the air — the time to
go up and the time to go down.

Let’s look at the path for the ball from when it is at its max height to when it hits the ground.
This means that its initial velocity is zero and its final velocity is v,.

v, =V, tat v, =at

y y

The time for the ball to fall is half the total time.

m(4.5% m
Vy :98—\2(Tj = 22.1—

Ky S
w
(v r 22.1; -
f=tan | — | =tan —7‘& = 64
Vx 10.67—
AN

e A stone is thrown off the top of a building from a height of
45.0 m. The stone has a launch angle of 62.5° and a speed of y 4 /’ \
31.5m/s. (a) How long is the stone in flight, (b) how far =
from the base of the building does it travel? (c¢) What is its
speed just before it hits the ground?

(a) First we find its vertical velocity component.

45.0m
. m . m
v, =vsing =315—sin62.5° = 27.9—
S s >
X
Now we can use this to find the time to reach its highest point.
-V 1
vy =vytat t=—0 —_2704 R — 2855
s ™
g ~9.80 <

Now we can find how high it rises:
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2:vg—kZay O:vg+2ay y:—v—o

V
Y 2a
m 2
—(27.94 j

Y= -
21 —9.80 —«
[ sz

= 39.8m

It took 2.85 s to reach this height, it will now fall this distance plus the height of the building
before it hits the ground. So it will fall a distance of:

y=398m+45.0m = 84.8m

We can find the time to fall this distance:

The total time in the air is the total of these two times we found.:

4.165+2.85s = 7.01s

(b) We next find the distance from the base. This is easy since we know how long the projectile
will be moving sideways:

First we find the horizontal velocity:

v, =vcosd :(31.5ﬁjcos62.5° = 14552
s s

vxzf x=v.t :14.55%(7.01s) = [ 102m

(c) To find the speed at the ground, we need to “recombine” the two components into the actual
velocity vector. We can use the Pythagorean theorem for this:

2_ .2 2 _ 2 2
Speed at ground: Vi=vT 4y, V=4V Yy,

We need to find v, at the bottom. We know that the rock falls for a time of 4.16 s from its max
height. We can use this to find its speed just before it hits.
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m m
vy=at =9.80—(416%) = 408=
Ky S
m 2 m 2 m
v=y v+, y= (14.55—} +(40.8—) = 4332
S S S

The first digital computer, called ENIAC (Electronic Numerical Integrator and Computer) became
operational in 1946. It was funded by the Army in World War II. The purpose for the thing was to
calculate trajectories for artillery shells to produce firing tables that the gun crews who served the
guns could utilize. It could compute 500 numbers in only one second and could calculate the
trajectory for a firing problem in only 30 seconds — a true miracle. It used electronic tubes and
required 174 kilowatts of power (that’s 233 horsepower for you non-metric folks).

Anyway, the power needed to solve one trajectory problem was about the same as the amount of
power generated by the powder charge during an actual fire mission for a single shell. Interesting.

Here we go, one last problem:

e You throw a potato at an angle of 22.2 °. If the thing is in the air for 1.55 s, how far did it go,
distance-wise?

In half the time it will travel to its maximum height. It will fall back down to the earth in the
other half of the time, so we can look at half the path, say from when it has an initial velocity of
vy to when it reaches the highest point of its path where its vertical velocity is zero.

m (1.55 m
v, =vgt+at v,=at =98~ LISCE ) 7.60—
S\X 2 S
Since we know the angle and the vertical velocity, we can find the horizontal
m
y y 7.60 = .
velocity. tan 6 = —— V= L - S = 18.62—
Vy tanf  tan22.2° s

We can now find the distance it travels since we know the time and the velocity:

x=18.62 %(1.55 %) = [ 289m
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Dear Cecil:

My high school physics teacher gave us this problem once, but I
forget what the answer was. Suppose you've got a bullet in one
hand and a pistol in the other, aimed so it's perfectly level. You
drop the bullet and fire the pistol at the same time. Which bullet
hits the ground first?

--L., Indianapolis

Cecil replies:

I know this is a lot of physics for one day, but this one is so twisted you
gotta love it. The average mope reasons like this: the dropped bullet
falls only a few feet, whereas the fired bullet travels hundreds of yards.
Ergo, the dropped bullet hits the ground first. The average mope with a
college education (e.g., a physics teacher) is a little more sophisticated.
He figures, hey, the force of the gun propels the fired bullet strictly
horizontally. The only downward force is gravity, which acts equally
on both bullets. Therefore they both hit the ground at the same time.
(We assume a vacuum throughout this discussion.)

Then we have the answer given by those who have achieved spiritual
awareness as a result of regular reading of the Straight Dope. This may
be summarized as follows: it depends. If the fired bullet travels only a
short distance, then yes, both bullets hit the ground at the same time.
However, if the fired bullet travels far enough, the earth, being round,
curves away from it. (Remember Newton's first law of motion: moving
objects tend to travel in a straight line.) Since the fired bullet has farther
to fall, it takes longer to hit the earth, so the dropped bullet hits the
ground first.

What's more, if the fired bullet travels fast enough (roughly five miles
per second--a practical impossibility given atmospheric friction, but
never mind), it goes into orbit around the earth and never hits the
ground at all. Amazing, no? Try this one out in your next physics class
and you'll kill the whole hour, guaranteed.

--CECIL ADAMS
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